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Abstract: - The training of Neural Networks and particularly Multi-Layer Perceptrons (MLP's) is made by
minimizing an error function usually known as "cost function". In our previous works, we apply the Error
Entropy Minimization (EEM) algorithm in classification and its optimized version using, as cost function, the
entropy of the errors between the outputs and the desired targets of the neural network. One of the difficulties
in implementing the EEM algorithm is the choice of the smoothing parameter, also known as window size, in
the Parzen Window probability density function estimation for the computation of the entropy and its gradient.
We present here a formula yielding the value of the smoothing parameter, depending on the number of data
samples and on the neural network output dimension. Several experiments with real data sets were made in

order to show the validity of the proposed formula.

Key-Words: - Entropy, Parzen, Smoothing Parameter, Cost Function

1 Introduction

The use of entropy and related concepts in learning
systems is well known. The Error Entropy
Minimization concept was introduced in [1] and we
use the same approach in [2] with the goal of
performing classification. The EEM Algorithm for
classification use, as cost function, the Renyi's
Quadratic Entropy of the error, between the output
of the neural network and the desired targets. We
have made a further optimization of the EEM
algorithm in [3] introducing a variable learning rate
to achieve both a faster convergence of the
algorithm and an automatic adaptation of the value
of the learning rate to the specific problem.

In order to compute the Renyi's Quadratic Entropy
of the error one must choose a value for the
smoothing parameter in the Parzen Window method,
that is best suited for a specific data set. In all
known works using this method, giving as example
ours in [2,3] and other authors in [1,4], the value of
the smoothing parameter is always experimentally
selected. Knowing that this approach is not the most
appropriate, in this paper, we study the behavior of
the algorithm with different data sets and propose a
formula to compute the smoothing parameter for a
specific data set and neural network. In section 2 the
EEM algorithm and further optimizations are
presented. In section 3 the smoothing parameter for
entropy and gradient computation is discussed and a
specific formula is presented. In section 4 the results
of several experiments are presented showing the
validity of the formula. In the final section, we
present the conclusions.

2 The EEM Algorithm

Let y={y;}e®R”, i=1.,N, be a set of samples
from the output vector Ye®R™ of a mapping
R > R™ ¥ =g(w, X), where w is a set of Neural
Network (NN) weights, X is the input vector and m
is the dimensionality of the output vector. Let
d=d; e{-11}" be the desired targets and
e; =d,; ~y, the error for each data sample. In order
to compute the Renyi's Quadratic Entropy of e we
use the Parzen Window probability density function
(pdf) estimation. This method estimates the pdf as

(1

fley=——
Nh™ 2

where X is a kernel function and 4 the bandwidth
or smoothing parameter. We use the Gaussian kernel
with zero mean and unitary covariance matrix:

Gle, I) =

— exp[ e eﬂ 2

The Reniy's Quadratic Entropy of the error ¢ can be
estimated, applying the integration of gaussian
kernels [5], by

ZZG(
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i 21)J 3)
=-logV(e)
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The gradient of V(e) is:

h

1 LA:S
F = 2. G( 2I)(e;—e;) (4
j=1

- 2m+1
INR=T

This gradient is back-propagated into the MLP the
same way as in the MSE algorithm. The update of
the neural network weights is performed using

Aw=1tn 5775w. The + means that we can minimize

(=) or maximize (+) the entropy. We also proved in
[2] that we can use this cost function for
classification if the output of the neural network is
on [-a,a] and the targets are in {~a,a}, ae M. Since
one of the problems of the EEM algorithm is its
slow convergence, we introduced in [3] an
optimization of the algorithm based on the use of a
variable learning rate (VLR), during the training
phase, which applies the rule:

) r]("_l)u if
TS ey,
n d if

HE <l
H(") > H(”"l) (5)
R2 R2

being u and 4 the increasing (up) and decreasing
(down) factors of the learning rate # in consecutive
iterations.

This optimization improved the performance of the
original algorithm and we called it the EEM-VLR
algorithm.

3 Smoothing Parameter

In the EEM algorithm, the error entropy estimation
is different according to the vector e dimension.
This dimension depends on the number of MLP
output neurons that depends on the number of
classes, C, and their coding. If we use binary
coding, the dimension of vector e will be [log, C|

whereas if we use the l-out-of-C coding the
number of output neurons as well as the dimension
of vector e will be equal to the number of classes.
In the experiments that we performed, we obtained
good results for both codings but we suggest the use
of binary coding only when the number of classes is
a power of 2; otherwise, we get an excessive number
of outputs compared with the number of classes.
One of the problems of pdf estimation using the
Parzen Window method, besides the choice of the
kernel, is the choice of the smoothing parameter 4.
In the EEM algorithm the value of 4 depends on:
the different coding of the number of classes; the

number of data samples; the dimension m of the
vector e.

For continuous f(x) the estimated density function
will converge to the true density as N — «, when:

h—0 and Nbh > » 6)

Silverman proposed in [6], for unidimensional cases
assuming Gaussian distributed samples, and using a
Gaussian kernel, the following formula for the
smoothing parameter:

h,, =1.060 N %7 (7)

where o is the sample standard deviation and N is
the number of samples. For multidimensional cases,
also assuming normal distributions and using the
normal kernel, Bowman and Azzalini [7] proposed
the formula:

[

4 e
hor ‘J[(mz)N] &

where m is the dimension of vector x.

An important fact that impedes, in our case, the use
of formulas 7 and 8 is that our algorithm uses the
entropy of e as a control variable, i.e., the algorithm
progresses only if the entropy at a given iteration is
smaller than at the previous one. Since the entropy
value is proportional to the smoothing parameter
value, used to compute it, if one uses a value for h
proportional to the variance of e, one might be
increasing, by this simple fact, the entropy value and
the algorithm fails to reach the minimum. This
means that we are limited to use a value for 4 that
does not depend on o .

Considering that variable e takes values, in the
unidimensional case, in the interval [—-2,2], and that
the maximum standard deviation in this case is 2,
we considered to use this value to replace the
standard deviation in formulas 7 and 8. So, these
formulas became:

hy =2.12N 702 9
and
.
4 m+4
Bop = 2| ———— 1
¥ ((m+2)N] (10)

Note that, in the EEM algorithm, we only need to
compute the entropy and its gradient; we do not
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need to estimate the probability density function of
e. This is a relevant fact because, in the gradient
descent method, more important than computing
with extreme precision the gradient is to get with
relative precision its direction. In addition, the
computation with extreme accuracy of the
probability density function causes the entropy to
have high variability. This fact could lead to the
occuwrrence  of local minima. Given these
considerations, we do not hesitate in using 4 values
higher than the ones usually proposed for pdf
estimation. Taking into account the experimental
results with several data sets we tried to formulate a
rule that yields higher values of » for smaller data
sets than those obtained with formula 10 and still
inducing the same behavior.

We then arrived at the following proposed new
formula with similar behavior as (10)

m
hyp = 25‘/;

Notice the decreasing behavior with N and
increasing behavior with m as should be desired. A
comparison between the values of # obtained with
formulas 10 and 11 for different values of m is
shown in Fig. 1.

In the several experiments that we performed using
formula 11 the results were very satisfactory, as we

1

15

will see in the next section.

4 Experiments

We performed several experiments with different
real data sets, with different number of samples and
different number of classes, summarized in Table 1

Table 1 - Real data sets used for the experiments.

Data sets Samples Features  Classes
lonosphere 351 33 2
Sonar 208 60 2
wdbc 569 30 2
Iris 150 4 3
Wine 178 13 3
Pb12 608 2 4

(The Pbl2 data set can be found in [8] and all the
others can be found in the UCI repository of
machine learning database). We also produced an
artificial data set and used it as a 2-class and as a 4-
class classification problem to try to establish the
influence of the number of classes in the value of the
smoothing parameter. The two versions of the
artificial data set (that we call XOR-n), similar to an
XOR problem, but with some noise added, are
shown in Fig. 2.
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Fig. 1 - Value of & for formulas 10 (dashed) and 11 (solid) for m=2, 3 and 4. (Marked points refer to experiments
with data sets mentioned in section 4).
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In all experiments we used (I,n,m) MLP's, where [ is

the number of input neurons, n is the number of Table 2 - Errors (%) for XOR-n data sets, 2 and 4 classes
neurons in the hidden layer and m is the number of (Resp. 80, 120 and 160 epochs from top to bottom)
output neurons. We applied the cross-validation

method using half of the data for training and half XOR-n 2 classes

for testing. The experiments for each data set were Number of Hiden-Layer Neurons

performed varying the number of neurons in the L — 502 = 25" Y 2“03 = 3;0 27332
hidden layer, the value of the smoothing parameter 24| 3543 3038 2643 2393 2700 2845

and using different number of epochs. P 28 ovas P ee e e

36| 3593 2630 27.10 2243 2708 2720

40| 3540 2575 2683 2493 2110 24,80

XOR-n 2 classes 44| 3533 2775 2725 2230 2665 2220
48] 3563 2470 2498 2373 2533 22,65
52| 3445 2860 2675 2305 21,20 2468
56| 3635 2568 2375 2493 2550 24,10
60| 3420 2753 2370 2238 2555 2360
20| 3510 24,30 2443 22,75 24,48 2355
24| 3578 20968 2508 23,88 2575 2648
28| 3400 2625 2500 2545 2675 27.13
32| 3368 2505 2480 2855 26,63 2563
36| 3383 24,65 2453 2503 2470 2643
40| 3495 2518 21,20 2288 2623 2215
44| 3320 2338 2410 2580 2330 2415
48| 3398 2410 2368 2388 2343 2300
52| 3283 22,60 2363 24,08 2420 2580
56| 3378 2340 2275 2380 2493 23,25
60| 3388 2518 2333 2275 2263 2405
20| 3628 27,03 2278 2343 2370 22,55
24| 3488 2628 2493 2430 2660 27.05
28| 3510 2710 2440 2743 2550 26,55
32| 3365 2658 2475 2525 2660 2583
36| 3450 2200 2648 2418 2498 2500
40] 3378 2563 2128 2433 2580 2348
44| 3403 2440 2358 2553 2373 2673
48| 3368 2400 2338 22,55 2278  23.70
52 3510 21,80 2445 2325 2338 23,00
56| 3303 21,33 2318 2433 2360 2360
60 3470 2203 2208 2433 2295 2333

XOR-n 4 classes
Number of Hidden-Layer Neurons
h 2 4 6 8 10 12

20( 1800 1908 1813 1930 1888 19,10
24 1765 1813 1910 1873 1740 18,83
28 1880 1798 1790 1785 1915 1823
3201775 1898 1773 1830 17275 1858
36| 1910 1850 1795 1830 1853 18,30
40| 17,38 17,73 1865 1820 1913 18,38
44| 1818 1878 18,00 1813 1808 18,70
48| 1868 1798 1848 19,18 1850 1825
52| 1883 17,70 17,30 1953 1870 18,70
56| 1868 1833 1765 1840 1515 19,13
60| 1740 1910 1810 1953 17,73 1845
201 1863 1943 1863 20,18 1970 20,63
24| 2038 1828 1855 18,95 19,73 20,45
28| 1833 1898 1930 1848 1888 18,38
32 1828 1823 17,75 1815 1853 18,65
36| 1820 1805 1895 1873 1775  18.80
40 1848 1823 1880 1870 1815 17,78
44| 1768 1818 1898 1848 1805 19,15
481 1760 1860 1893 1835 1808 18.50
52| 1738 1808 1780 17,95 1863 1878
56! 17,50 1823 17,68 18,65 18,78 19,15
Fig. 2 - Artificial data set for the 2 first experiments. 60| 1785 1808 1785 1818 1768 1855

20| 1835 1945 19,80 19,20 18,83 18,48
24 1860 1863 1800 1930 1985 19,08

g 28| 17,93 19,50 1875 19,60 1935 19,38

The re_sults are shown in Table 2 anfi‘Table 4. Each 32( 1888 1938 1968 1935 1938 1058
result is the mean error of 20 repetitions. For each 36| 1808 1785 1880 1890 19,80 19,05

. g . 40) 17,33 18,85 18,03 18,28 19, 5

experiment we highlighted the 10 best results 4¢| 1843 2008 1928 ,9;0 122: }22‘;
performed with the same number of epochs in order e L e L )
0 . 3 17, | .85 18,78 19,68 19,33

to get the needed guidance about the optimum value 56| 1760 1845 1833 1930 1958 19,18

60| 1818 1870 1945 1903 19,38 18,08

for the smoothing parameter.
In Table 2 we show the results of the classification
errors for the XOR-n data sets.
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Comparing the two tables, we can see that, an
increased number of classes demand an increased
value of the smoothing parameter. In the first case,
(2-class problemy), the optimum value for 4 is about
4.0 and in the second case, (4-class problem), the
optimum value for % is about 4.8.

The classification errors for the real data sets are
shown in Table 4. For each data set, we performed
experiments with different number of epochs. In
Table 3 we present the values of 4 for the minimum
classification errors (“Best h” column) and the value
of h that represents, in our opinion, those 10 smallest
classification errors (“Suggested h” column). We
also present the values proposed for each data set by
formulas 10 and 11.

Table 3 — Values of h for each data set driven by the
experiments and defined by formulas 10 and 11.

Nr. of Nr. of Suggested h Form. Form.

Datassls  Ciasses sempies BN (1omn Emors) 11 10
lonosphere 2 351 46 42 267 085
Sonar 2 208 42 38 347 092
welbc 2 569 14 16 210 078
Xor200 2 200 40 46 354 093
Iris 3 150 40 38 500 1,05
Wine 3 178 46 42 45 1,02
Pb12 4 808 18 21 287 083
Xor200 4 200 5.2 48 500 1,07

The experiments clearly show that, for small values
of h, the classification errors are significantly large
and, therefore, the use of formulas like (10), used for
density estimation, are not appropriate for the EEM
algorithm,

Figure 1 shows (crosses and open circles), the h
values obtained in the experiments with all data sets
where we can easily see their relation with the A
values of the proposed formula 11. For each data set
the crosses are the suggested 4 values given by the
10 smallest classification errors and the circles are
the 4 values for the minimum classification error.

5 Conclusions

In this paper, we have presented a formula for the
value of the bandwidth parameter, 4, of the entropy
estimation, to use in the EEM-VLR algorithm.

This formula, contrary to the ones proposed by
Silverman and Bowman, does not depend on o due
to the iterative nature of the EEM-VLR algorithm.
We showed that it produces very good results using
a set of experiments where the values proposed by

our formula are much closer to the best ones found
empirically, than the values obtained using the
Silverman and Bowman formulas.

We expect that this contribution may save time and
effort to many practitioners using this type of
iterative entropic algorithms involving Parzen
Window density estimation.
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Table 4 - Errors (%) for the data sets Ionosphere (resp. 40, 60 and 80 epochs), Sonar (resp. 50, 100 and 150 epochs), Wdbc (resp. 40, 60 and
80 Epochs), Iris (resp. 40, 60 and 80 epochs),Wine (resp. 40, 60 and 80 epochs) and Pb12 (resp. 200, 250 and 300 epochs) for different
number of hidden-layer neurons and several values of the smoothing parameter 4.

lonosphere - 40, 60 and 80 epochs

Number of Hidden Layer Neurons

h 4 8 12 16 20 24 4 8 12 16 20 24 4 8 12 16 20 24

1,4 |3384 1954 2004 1529 1626 17,13 12,70 1276 1297 13,24 1354 1327 13,07 13,02 13,00 1300 1317 1349
1,8 112,47 12,70 13,21 1313 12,69 12,61 13,13 13,18 12,91 13,01 12,80 13,14 13,47 13,28 1340 13,18 12,87 13,20
2,2 11271 12,86 12,81 13,20 13,03 13,01 1341 13,06 12,88 12,91 12,80 12,83 1420 13,14 1340 13,00 1280 13,50
2,6 [ 13,07 1240 12,37 1282 12,93 13,17 13,07 12,83 13,16 12,94 1316 12,71 13,33 12,83 12,94 12,53 1306 12,69
3 [ 1270 1287 1274 12,77 12,70 13,23 13,17 13,03 13,23 1286 12,84 13,18 13,00 1271 12,70 12,33 1280 12,90
34 |13,10 12,80 1280 12,67 12,64 12,84 12,91 12,50 1277 1266 1294 1260 1310 13,00 1311 1273 12,83 12,58
3,8 112,73 1279 1270 12,26 12,46 12,26 13,07 1310 13,36 12,89 12,24 12,87 12,81 12,62 1288 12,24 1269 1263
4,2 113,09 1239 1267 12,73 12,59 12,97 13,06 13,29 12,82 12,46 1241 12,41 13,04 12,40 1264 12,34 1294 12,89
46| 12,96 1281 12,06 12,80 12,43 12,63 1277 1270 12,61 1244 12,29 12,86 1261 12,41 1329 1267 1273 12,72
5§ 11271 12861 1290 1270 1268 1287 13,11 1244 1244 12,29 1316 12,87 1316 12,56 12,60 12,60 1263 1306

Sonar - 50, 100 and 150 epochs

Number of Hidden Layer Neurons

h 2 4 6 8 10 12 2 4 6 8 10 12 2 4 [ 8 10 12
1.0 | 49,47 4863 49,18 48,97 4856 50,65 48,36 48,90 49,30 40,04 4841 49,81 50,82 50,48 50,00 49,86 50,82 4895
1,3 | 48,49 4577 4567 43,22 41,37 43,73 36,71 3536 3774 3553 34,52 3142 31,83 2810 27,81 29,88 2680 2551
16 12490 2365 2361 2296 22,88 23147 24,64 2344 2341 2406 2384 2380 25,53 2452 2392 2418 2500 2361
19 {2478 23,27 22,96 2240 22,65 23,03 24,02 2452 2351 2286 2329 23,08 24,23 24,52 23,08 22,33 24,13 24,52
2,2 | 2317 23,68 23,53 2428 2377 23,66 2416 2433 2349 2284 2442 2308 2531 2445 2327 22,67 2274 23,15
2,5 (2437 2305 22,28 23,08 23,34 24,18 2399 22,40 2452 2435 2281 22,74 2406 2406 22,26 2267 2341 2325
2,8 (2382 23,70 2361 22,72 22,76 22,38 23,51 24,47 23,00 2281 23,10 23,87 2433 23,85 2399 23,00 22,86 22,67
3,7 {2404 2406 22808 22,98 22,98 22,81 24,64 24,04 2245 2382 2320 22,74 2498 2317 23,29 23,05 22,26 22,88
34 (2411 2382 2418 2404 2308 23,13 24,06 2435 23,45 22,12 2327 21,32 2442 23,56 22,14 2332 2347 22,00
372450 23,82 21,73 2281 2221 22,81 23,56 23,58 23,37 2344 2344 2161 2541 23,58 23,51 2284 2327 22,07
40 [2426 2315 2342 2356 22,12 2296 23,58 2377 2313 2240 2267 2214 2373 2389 2308 2195 2207 2280

Wisconsin breast cancer - 40, 60 and 80 epochs

Number of Hidden Laysr Neurons

h 2 4 6 8 10 2 4 6 8 10 2 4 [ 8 10

1,0 | 50,34 52,31 51,22 4944 4688 51,54 51,16 49,32 47,58 4597 48,80 46,52 49,48 48,60 4858

1,2 | 883 1037 19,04 19,74 2180 10,71 11,46 11,48 974 1947 441 2,89 549 583 6,11

14253 233 285 257 3,01 2,79 280 307 295 282 2,77 281 308 3.00 2,92

1.6 277 2,70 261 271 277 287 283 28t 283 2896 295 323 375 3,06 2,91

181283 275 290 284 278 305 306 308 2987 305 29 304 311 3,08 3,08

20} 284 287 264 2358 2497 297 30 3.06 307 308 3,26 2,87 3,12 2,99 3,06

22| 291 2,77 291 3.07 290 2,72 3068 2,81 297 323 313 311 317 2,95 3,058

24| 267 276 282 284 2,59 294 304 304 288 324 306 328 322 2,99 3,38

261 328 288 331 287 328 307 293 302 306 349 303 308 306 321 3,34

28 289 28 279 284 295 306 302 325 307 328 3,15 3,05 328 3,20 3,40
30) 2869 291 309 319 298 298 314 316 317 337 330 349 349 3,35 3,35
iris - 40, 60 and 80 epochs

Number of Hidden Layer Neurons

h 2 4 6 8 10 2 4 6 8 10 2 4 6 8 10

20} 797 720 633 920 7,27 507 523 507 440 490 513 457 4,10 4,23 4,13

241 717 6863 460 4863 424 480 367 450 387 430 783 3,73 480 4,23 4,23

28| 677 4,43 477 383 470 587 467 427 407 413 460 450 3,77 3,57 4,10

32| 737 487 440 440 4,40 840 410 3,83 427 3,80 527 440 3,73 3,83 3,93

36| 470 6867 467 410 4,03 837 500 3,97 397 4,13 4,57 407 4863 4,00 4,10
40| 550 430 483 550 4,53 660 3,97 397 387 453 557 5§73 3,83 3,50 3,80

44| 480 420 437 473 423 6,60 447 380 420 4,37 730 423 3,67 4,30 4,57

481 550 410 433 457 437 637 3,80 440 450 4,07 517 453 403 4,20 4,00

521 740 4867 463 497 45 460 423 407 413 400 6,10 453 4,53 3.80 3,87
56 | 554 3,80 420 447 427 540 453 420 440 4,10 470 430 457 4,10 3,13

601 500 437 407 400 453 570 403 443 413 410 500 500 4,30 3,83 3,80
Wine - 40, 60 and 80 epochs

Number of Hidden Layer Neurons

h 4 8 8 10 12 14 16 4 6 8 10 12 14 16 4 & 8 10 12 14 16
14 | 4641 3492 2930 22,89 17,89 18,60 1775 677 225 379 230 281 261 256 2,30 2,82 2,67 2,56 238 267 239
1.8 1854 261 228 228 228 253 245 2,16 264 233 261 239 250 235 247 2,64 2,42 2,75 264 295 259
221228 244 219 256 250 267 236 295 228 242 256 261 259 230 2,53 2,64 2,61 2,73 2,59 228 2864
26 | 230 2,84 225 1,94 236 242 233 228 233 218 244 236 233 228 247 2,81 2,64 2,78 247 264 289
30 ] 247 242 236 1,87 239 231 2,22 242 239 244 208 256 228 222 2,81 2,56 2,42 2,84 2,61 287 2,31
341233 259 218 205 278 208 1,94 250 222 289 222 230 248 245 2,17 2,33 2,44 2,42 2,25 247 242
38 | 264 259 214 211 230 230 233 205 239 264 184 242 254 2,22 2,81 2,59 2,84 2,70 2,78 2,36 275
421214 228 222 211 264 194 242 245 236 1,88 275 245 219 244 278 1,88 2,67 2,36 287 230 253
46 | 256 228 216 233 200 183 1,91 247 231 278 239 2168 228 2,61 3,01 2,36 2,50 2,95 239 289 287
501205 186 242 216 222 187 202 289 253 211 236 217 238 228 3.06 2,84 2,61 244 202 242 270

Pb12 - 200, 250 and 300 epochs

Number of Hidden Layer Neurons
h 2 4 6 8 10 12 2 4 [} 8 10 12 2 4 6 8 10 12
1.6 12408 16,17 13,26 14,46 1471 14,62 2229 1507 12,76 1021 11,65 11,23 18,73 12,10 1063 10,78 10,68 9,03
1,8 | 21,25 11,53 8,19 0,29 888 8412 2289 780 850 829 7,76 836 2580 8,00 7,51 788 839 825
20)2549 911 7,82 811 851 882 2484 765 782 840 7,64 908 257t 836 8,43 7.55 8,08 817
2212872 879 866 848 885 931 2846 10,35 8,24 780 758 8,82 27,02 840 817 7,84 8,05 7,60
2412864 1165 877 918 8,35 888 30,83 12,38 861 853 821 881 2065 10,77 841 870 976 7,76
26128984 973 919 934 87 873 30,30 1322 877 1058 9,08 9,26 2803 10,78 843 1,72 8,31 8,09
2812877 1189 1128 936 98,61 936 28,75 10,97 880 822 983 9,38 2863 1021 877 9,83 9,37 882
3012935 1151 1137 505 830 980 2828 1081 960 1043 1015 863 28,31 11,55 7,55 8,26 8,51 8,89




